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1 Free and open source software

Lorem ipsum dolor sit amet, consectetuer adipiscing elit. Ut purus elit, ve-
stibulum ut, placerat ac, adipiscing vitae, felis. Curabitur dictum gravida
mauris. Nam arcu libero, nonummy eget, consectetuer id, vulputate a, ma-
gna. Donec vehicula augue eu neque. Pellentesque habitant morbi tristique
senectus et netus et malesuada fames ac turpis egestas. Mauris ut leo. Cras
viverra metus rhoncus sem. Nulla et lectus vestibulum urna fringilla ultri-
ces. Phasellus eu tellus sit amet tortor gravida placerat. Integer sapien est,
iaculis in, pretium quis, viverra ac, nunc. Praesent eget sem vel leo ultrices
bibendum. Aenean faucibus. Morbi dolor nulla, malesuada eu, pulvinar at,
mollis ac, nulla. Curabitur auctor semper nulla. Donec varius orci eget risus.
Duis nibh mi, congue eu, accumsan eleifend, sagittis quis, diam. Duis eget
orci sit amet orci dignissim rutrum.

Nam dui ligula, fringilla a, euismod sodales, sollicitudin vel, wisi. Morbi
auctor lorem non justo. Nam lacus libero, pretium at, lobortis vitae, ultricies
et, tellus. Donec aliquet, tortor sed accumsan bibendum, erat ligula aliquet
magna, vitae ornare odio metus a mi. Morbi ac orci et nisl hendrerit mollis.
Suspendisse ut massa. Cras nec ante. Pellentesque a nulla. Cum sociis
natoque penatibus et magnis dis parturient montes, nascetur ridiculus mus.
Aliquam tincidunt urna. Nulla ullamcorper vestibulum turpis. Pellentesque
cursus luctus mauris.

Nulla malesuada porttitor diam. Donec felis erat, congue non, volut-
pat at, tincidunt tristique, libero. Vivamus viverra fermentum felis. Donec
nonummy pellentesque ante. Phasellus adipiscing semper elit. Proin fermen-
tum massa ac quam. Sed diam turpis, molestie vitae, placerat a, molestie
nec, leo. Maecenas lacinia. Nam ipsum ligula, eleifend at, accumsan nec, su-
scipit a, ipsum. Morbi blandit ligula feugiat magna. Nunc eleifend consequat
lorem. Sed lacinia nulla vitae enim. Pellentesque tincidunt purus vel magna.
Integer non enim. Praesent euismod nunc eu purus. Donec bibendum quam
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in tellus. Nullam cursus pulvinar lectus. Donec et mi. Nam vulputate metus
eu enim. Vestibulum pellentesque felis eu massa.

2 Enumeration in finite vector spaces

We assume some background on finite fields; see for example [1, Section
14.3]. We aim to prove that the number of k-dimensional subspaces of an n-
dimensional vector space over the finite field Fq (where q is a prime power) is
given by the q-binomial coefficient

(
n
k

)
q
. Recall, for 0 ⩽ k ⩽ n the q-binomial

coefficient is defined as(
n

k

)
q

=
(qn − 1)(qn − q) · · · (qn − qk−1)

(qk − 1)(qk − q) · · · (qk − qk−1)
.

Theorem 2.1. The number of k-dimensional subspaces of an n-dimensional
vector space V over Fq is

(
n
k

)
q
.

Proof. We first note that a k-dimensional subspace of V has a basis consisting
of k vectors. There are qn−1 choices for the first vector (every non-zero vector
in V ). For the second vector, we need to pick a vector not in the span of the
first, leaving us qn − q choices. This process continues, reducing the number
of choices by a factor of q each time until we select the k-th vector. Thus, the
total number of ways to choose a sequence of k linearly independent vectors
in V is

(qn − 1)(qn − q)(qn − q2) · · · (qn − qk−1).

However, each k-dimensional subspace has exactly (qk−1)(qk−q) · · · (qk−
qk−1) such sequences—corresponding to the different bases of the subspace,
so we divide by this number to count each subspace once. Thus, the number
of k-dimensional subspaces is

(qn − 1)(qn − q) · · · (qn − qk−1)

(qk − 1)(qk − q) · · · (qk − qk−1)
=

(
n

k

)
q

.

3 The Fano plane

The Fano plane is the smallest finite projective plane. We can associate each
point of the Fano plane with a 1-dimensional subspace from F3

2, and each line
with a 2-dimensional subspace. An illustration of the Fano plane is given in
Figure 1. By Theorem 2.1, the number of points is equal to(

3

1

)
2

=
(23 − 1)

(21 − 1)
= 7,

2



and the number of lines is equal to(
3

2

)
2

=
(23 − 1)(23 − 21)

(22 − 1)(22 − 2)

=
7 · 6
3 · 2

= 7.

Therefore, there are 7 points and 7 lines.

Figure 1: A representation of the Fano plane.
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