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Abstract. Given a lattice polytope P and a prime p, we define a function from the set
of primitive symplectic p-adic lattices to the rationals that extracts the ℓth coefficient of
the Ehrhart polynomial of P relative to the given lattice. Inspired by work of Gunnells
and Rodriguez Villegas in type A, we show that these functions are eigenfunctions of
a suitably defined action of the spherical symplectic Hecke algebra. Although they
depend significantly on the polytope P, their eigenvalues are independent of P and
expressed as polynomials in p. We define local zeta functions that enumerate the val-
ues of these Hecke eigenfunctions on the vertices of the affine Bruhat–Tits buildings
associated with p-adic symplectic groups. We compute these zeta functions by enu-
merating p-adic lattices by their elementary divisors and, simultaneously, one Hermite
parameter. We report on a general functional equation satisfied by these local zeta
functions, confirming a conjecture of Vankov.
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1 Introduction

Let P be a fixed full-dimensional lattice polytope in Rn, i.e. the convex hull of finitely
many points V(P) in Λ0 = Zn. Given a lattice Λ such that Λ0 ⊆ Λ ⊆ Qn, we denote the
Ehrhart polynomial of P with respect to Λ by

EΛ(P) =
n

∑
ℓ=0

cΛ
ℓ (P)Tn ∈ Q[T]. (1.1)

It is of interest to describe the variation of the coefficients cΛ
ℓ (P) with Λ as compared to

cℓ(P) = cΛ0
ℓ (P); write E(P) for EΛ0(P). For g ∈ GLn(Q) ∩ Matn(Z) we define

g · P = conv{g · v | v ∈ V(P)},
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which is again a lattice polytope. We write Λg for the lattice generated by the rows of
g ∈ GLn(Q). Thus, for every g ∈ GLn(Q) ∩ Matn(Z) , we have

E(g · P) = EΛg−1 (P). (1.2)

We note that Λg ⊆ Zn ⊆ Λg−1 ⊆ Qn for g ∈ GLn(Q) ∩ Matn(Z) with |det(g)| > 1.
Gunnells and Rodriguez Villegas [3] consider how the coefficients of EΛ(P) from

Equation (1.1) relate to E(P) for lattices Λ such that Λ0 ⊆ Λ ⊆ p−1Λ0 ⊆ Qn. In
Section 2.1 we revisit these results from our perspective. In addition, we consider a
symplectic analogue of the work of Gunnells and Rodriguez Villegas.

1.1 Zeta functions of Ehrhart coefficients

For a prime p, we write Zp for the ring of p-adic integers and Qp for its field of fractions.
Below we define, for each n ∈ N = {1, 2, . . . } and ℓ ∈ [2n]0 = {0, . . . , 2n}, local zeta
functions which we call Ehrhart–Hecke zeta functions. These functions are Dirichlet series
in a complex variable s encoding the ratio of ℓth coefficients of the Ehrhart polynomial
of P, as the lattice Λ varies among symplectic lattices in Q2n

p .
Recall the group scheme GSp2n of symplectic similitudes. For a ring K its K-rational

points are, with J =
(

0 In
−In 0

)
,

GSp2n(K) =
{

A ∈ GL2n(K)
∣∣ AJAt = µ(A)J, for some µ(A) ∈ K×} .

We set Gn = GSp2n(Qp), Γn = GSp2n(Zp), and G+
n = GSp2n(Qp) ∩ Mat2n(Zp). The

set G+
n /Γn is in bijection with the set of special vertices of the affine building associated

with the group GSp2n(Qp), which is of type C̃n.
We define the (local) Ehrhart–Hecke zeta function (of type C) as

ZC
n,ℓ,p(s) = ∑

g∈G+
n /Γn

c
Λg−1

ℓ (P)
cℓ(P)

|Λg−1 : Zn
p|−s.

Informally speaking, the zeta function ZC
n,ℓ,p(s) hence encodes the average ℓth coefficient

of the Ehrhart polynomial of P across certain symplectic lattices.

1.2 Symplectic Hecke series

The zeta functions of Section 1.1 are closely connected to formal power series over the
Hecke algebra associated with the pair (G+

n , Γn). To explain this connection, we establish
additional notation. For m ∈ N we define

DC
n (m) = {A ∈ G+

n | AJAt = mJ}.
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Let HC
p = HC(G+

n , Γn) be the spherical Hecke algebra. The Hecke operator TC
n (m) is

TC
n (m) = ∑

g∈Γn\DC
n (m)/Γn

ΓngΓn.

The (formal) symplectic Hecke series is defined as

∑
α⩾0

TC
n (pα)Xα ∈ HC

pJXK. (1.3)

Shimura’s conjecture [6] that the series in (1.3) is a rational function in X was proved by
Andrianov [1]. Explicit formulae, however, seem only to be known for n ⩽ 4; see [9].

We consider the image of the Hecke series in (1.3) under the Satake isomorphism
Ω : HC

p → C[x±1
0 , . . . , x±1

n ]W mapping onto the ring of invariants of W, the Weyl group
of Gn. For variables x = (x0, . . . , xn), we define the (local) Satake generating function as

Rn,p(x, X) = ∑
α⩾0

Ω(TC
n (pα))Xα ∈ C[x±1]JXK.

and the (local) primitive local Satake generating function as

Rpr
n,p(x, X) = (1 − x0X) (1 − x0x1 · · · xnX) Rn,p(x, X). (1.4)

We write V(Xn) for the set of vertices of Xn, the affine building Xn of type Ãn−1
associated with the group GLn(Qp), viz. homothety classes of full lattices in GLn(Qp).
In [2, Section 3.3] Andrianov shows, in essence, that Rpr

n,p can be interpreted as a sum
over V(X ); see Theorem 1.1 below.

For a lattice Λ ⩽ Zn
p, set ν(Λ) = (ν1 ⩽ · · · ⩽ νn) ∈ Nn

0 if Zn
p/Λ ∼= Z/pν1 ⊕ · · · ⊕

Z/pνn . Setting ν0 = 0, we define

µ(Λ) = (µ1, . . . , µn) = (νn − νn−1, . . . , ν1 − ν0).

Having chosen a Zp-basis of Zn
p we associate to each lattice Λ ⩽ Zn

p a unique matrix

MΛ =


pδ1 m12 · · · m1n

pδ2 · · · m2n
. . . ...

pδn

 ∈ Matn(Zp), (1.5)

whose rows generate Λ and with 0 ⩽ vp(mij) ⩽ δj for all 1 ⩽ i < j ⩽ n. The matrix MΛ
in (1.5) is said to be in Hermite normal form. We set δ(Λ) = (δ1, . . . , δn). Clearly each
homothety class [Λ] contains a unique representative Λm ⩽ Zn

p such that p−1Λm ̸⩽ Zn
p.

Theorem 1.1 (Andrianov). Let n ∈ N, a = (1, 2, . . . , n) ∈ Nn, d = (n, n − 1, . . . , 1) ∈ Nn,
and let ⟨, ⟩ be the usual dot product. Then

Rpr
n,p(x, X) = ∑

[Λ]∈V(Xn)

p⟨d,ν(Λm)⟩−⟨a,δ(Λm)⟩xδ1(Λm)
1 · · · xδn(Λm)

n (x0X)νn(Λm).
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1.3 The Hermite–Smith generating function

We define a generating function enumerating finite-index sublattices of Zn
p simultane-

ously by their Hermite and Smith normal forms. For n ∈ N, let X = (X1, . . . , Xn) and
Y = (Y1, . . . , Yn) be variables. The Hermite–Smith generating function is

HSn,p(X, Y) = ∑
Λ⩽Zn

p

Xµ(Λ)Yδ(Λ) = ∑
Λ⩽Zn

p

n

∏
i=1

Xµi(Λ)
i Yδi(Λ)

i ∈ ZJX, YK. (1.6)

Clearly, if Λ ⩽ Zn
p has finite index, then so does pmΛ for all m ∈ N0. This allows

us to extract a “homothety factor” from the sum defining HSn,p(X, Y). The primitive
Hermite–Smith generating function is

HSpr
n,p(X, Y) = ∑

[Λ]∈V(Xn)

Xµ(Λm)Yδ(Λm) = (1 − XnY1 · · ·Yn)HSn,p(X, Y). (1.7)

With this generating function we may obtain the primitive local Satake generating
function of Section 1.2, as follows. We define a ring homomorphism

Φ : QJX1, X2, . . . , Y1, Y2, . . .K −→ QJx0, x1, . . . , XK

Xi 7−→ p(
i+1

2 )x0X,

Yi 7−→ p−ixi (1.8)

for all i ∈ N0. By design of Φ and Theorem 1.1 we have Φ(HSpr
n,p) = Rpr

n,p.

Example 1.2. For n = 2, the Hermite–Smith generating function is

HS2,p(X, Y) =
1 − X2

1Y1Y2

(1 − X1Y1)(1 − pX1Y2)(1 − X2Y1Y2)
,

R2,p(x, X) =
1 − p−1x2

0x1x2X2

(1 − x0X)(1 − x0x1X)(1 − x0x2X)(1 − x0x1x2X)
.

2 Main results

Interpreting the ℓ-th coefficients of the Ehrhart polynomial of the polytope P as a func-
tion on a set of (homothety classes of) p-adic lattices invites the definition of an action
of the spherical Hecke algebra HC

p . The latter is generated by a set of n + 1 generators
TC

n (p, 0), TC
n (p2, 1), . . . , TC

n (p2, n). It suffices to explain how these generators act. For
k ∈ [n], define diagonal matrices in G+

n as follows:

D0 = diag(1, . . . , 1︸ ︷︷ ︸
n

, p, . . . , p︸ ︷︷ ︸
n

), Dk = diag(1, . . . , 1︸ ︷︷ ︸
n−k

, p, . . . , p︸ ︷︷ ︸
k

, p2, . . . , p2︸ ︷︷ ︸
n−k

, p, . . . , p︸ ︷︷ ︸
k

).
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Set DC
n,k = ΓnDkΓn/Γn. The set DC

n,k can be interpreted as the set of symplectic lattices
with symplectic elementary divisors equal to those of Dk. We define

TC
n (p, 0)E(P) = ∑

g∈DC
n,0

E(g · P), TC
n (p2, k)E(P) = ∑

g∈DC
n,k

E(g · P).

For ℓ ⩾ N0, we define functions

En,p,ℓ,P : G+
n /Γn → C, Γng 7→ cℓ(EΛg−1 (P)).

Lastly, for all T ∈ HC
p set

TEn,p,ℓ,P(Γng) = cℓ(TEΛg−1 (P)).

Recall that P is full-dimensional; for k ∈ [n], and ℓ ∈ [2n]0, we define

νCn,0,ℓ(p) =
cℓ(TC

n (p, 0)E(P))
cℓ(E(P))

, νCn,k,ℓ(p) =
cℓ(TC

n (p2, k)E(P))
cℓ(E(P))

.

The notation suggests that the value νCn,k,ℓ(p) is independent of the polytope P, which is
justified by Theorem A. General properties of the Ehrhart polynomial imply that

νCn,n,ℓ(p) = pℓ, νCn,k,0(p) = #DC
n,k.

Every Q-linear homomorphism λ : HC
p → C is uniquely determined by parameters

(a0, . . . , an) ∈ Cn+1 such that if ψ : C[x±1
0 , . . . , x±1

n ] → C is given by xi = ai then λ =
ψ ◦ Ω; see [2, Proposition 3.3.36].

Theorem A. The functions En,p,ℓ,P are Hecke eigenfunctions under the action defined above;
specifically, for all k ∈ [n], we have

TC
n (p, 0)En,p,ℓ,P = νCn,0,ℓ(p)En,p,ℓ,P, TC

n (p2, k)En,p,ℓ,P = νCn,k,ℓ(p)En,p,ℓ,P,

where the νCn,k,ℓ(p) are polynomials in p with integer coefficients which are independent of P.
Moreover, the parameters associated to νCn,k,ℓ(p) are (pℓ, p, p2, . . . , pn−1, pn−ℓ).

Table 1 lists the values of νCn,k,ℓ(p) for small values of n and k.
Theorem A enables us to relate ZC

n,ℓ,p(s) to Rn,p(x, X). Let ψn,ℓ be the ring homomor-
phism from CJx0, x1, . . . , XK → C[t] given by

X 7→ tn x0 7→ pℓ, xn 7→ pn−ℓ, xi 7→ pi.

Corollary B. For n ∈ N and ℓ ∈ [2n]0 we have, writing t = p−s,

(ψn,ℓ ◦ Φ)(HSpr
n,p(X, Y)) = ψn,ℓ(Rpr

n,p) = ZC
n,ℓ,p(s)

(
1 − pℓ−s

) (
1 − p(

n+1
2 )−s

)
.
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ℓ νC2,0,ℓ(p) νC2,1,ℓ(p)
4 p5 + p4 + p3 + p2 p8 + p7 + p6 + p5

3 p4 + p3 + p3 + p2 2p6 + p5 + 2p4 − p3

2 p3 + p3 + p2 + p2 p5 + 3p4 + p3 − p2

1 p3 + p2 + p2 + p1 2p4 + p3 + 2p2 − p
0 p3 + p2 + p + 1 p4 + p3 + p2 + p

Table 1: The polynomials νC2,k,ℓ(p) for k ∈ {0, 1} and ℓ ∈ [4]0.

Thanks to Corollary B, we can work with HSn,p to prove that Rn,p and ZC
n,ℓ,p satisfy a

self-reciprocity property, which proves the conjecture in [9, Remark 4].

Theorem C. Let n ∈ N. Then HSn,p(X, Y) is a rational function in X and Y . Furthermore, for
X−1 = (X−1

1 , . . . , X−1
n ) and Y−1 = (Y−1

1 , . . . , Y−1
n ), we have

HSn,p(X−1, Y−1)
∣∣∣

p→p−1
= (−1)n p(

n
2)XnY1 · · ·Yn · HSn,p(X, Y).

We prove Theorem C by writing HSn,p as a p-adic integral and applying results of
[10], where the operation of inverting p is also explained.

Corollary D. For n ∈ N and ℓ ∈ [2n]0, we have

ZC
n,ℓ,p(s)

∣∣∣
p→p−1

= (−1)n+1pn2+ℓ−2ns·ZC
n,ℓ,p(s),

Rn,p(x, X)
∣∣

p→p−1 =(−1)n+1p(
n
2)x2

0x1 . . . xnX2·Rn,p(x, X).

In the next theorem, we determine a formula for the specialization of HSpr
n,p which

yields ZC
n,ℓ,p by Corollary B. To this end we define

HSn,p(X, Y) = HSpr
n,p(X, 1, . . . , 1, Y).

We prove that HSn,p is a rational function in the n+ 1 variables X and Y and, in addition,
the prime p. In order to describe the formula, we define additional notation. For I =
{i1 < · · · < iℓ} ⊆ [n − 1], with iℓ+1 = n, k ∈ [ℓ+ 1], and a variable Z, we set

I(k) = {ij | j < k} ∪ {ij − 1 | j ⩾ k}

Gn,I,k(Z, X, Y) =

(
k−1

∏
j=1

Zij(n−ij−1)Xij

1 − Zij(n−ij−1)Xij

)(
ℓ

∏
j=k

Zij(n−ij)XijY

1 − Zij(n−ij)XijY

)
.
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Theorem E. Let n ∈ N. For I = {i1 < · · · < iℓ}< ⊆ [n − 1], set

Wn,I(Z, X, Y) =
ℓ+1

∑
k=1

Z−(n−ik)
(

n − 1
I(k)

)
Z−1

Gn,I,k(Z, X, Y)

+
ℓ

∑
k=1

(1 − Z−ij)Gn,I,k(Z, X, Y)

1 − Zij(n−ij−1)Xij

(
ℓ+1

∑
m=k+1

Z−(n−im)

)(
n − 1
I(k+1)

)
Z−1

.

Then
HSn,p(X, Y) = ∑

I⊆[n−1]
Wn,I(p, X, Y) ∈ Z(p, X, Y).

Via the various substitutions given above, Theorem E yields explicit formulae for the
functions Rn,p and, specifically,

ZC
n,ℓ,p(s) = (1 − pℓ−s)−1(1 − p(

n+1
2 )−s)−1 ∑

I⊆[n−1]
Wn,I

(
p,
(

p(
i+1

2 )+ℓ−ns
)n

i=1
, p−ℓ

)
.

In the next theorem we show that the primitive local Satake generating function can
be viewed as a “p-analogue” of the fine Hilbert series of a Stanley–Reisner ring. Let V
be a finite set. If ∆ ⊆ 2V is a simplicial complex on V, then the Stanley–Reisner ring of
∆ over a ring K is

K[∆] = K[Xv | v ∈ V]/(∏
v∈σ

Xv | σ ∈ 2V \ ∆).

Theorem F. For all n ∈ N, let ∆n be the n-simplex with vertices [n] and ∆ = sd(∂∆n), the
barycentric subdivision of boundary of ∆n, with vertices given by the nonempty subsets of [n].
Let y = (yI : ∅ ̸= I ⊆ [n]) and φ : ZJyK → ZJx, XK via yI 7→ x0X ∏i∈I xi. Then

Rpr
n,p(x, X)

∣∣
p→1 = φ(Hilb(Z[∆]; y)) = ∑

σ∈∆
∏
J∈σ

φ(yJ)

1 − φ(yJ)
.

With Theorem F, we come full circle and relate the local Satake generating function
Rn,p to the Ehrhart series of the n-cube.

Corollary 2.1. For all n ∈ N, let P be the n-cube. Then

Rn,p(1, X)
∣∣

p→1 = EhrP(X) =
En(X)

(1 − X)n+1 ,

where En(X) = ∑σ∈Sn Xdes(σ) is the Eulerian polynomial.

Proof. It follows from Theorem F that

(1 − X)2 Rn,p(1, X)
∣∣

p→1 = ∑
σ∈∆

∏
J∈σ

X
1 − X

, (2.1)
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where ∆ is the barycentric subdivision of the boundary of the n-simplex. From [5,
Theore. 9.1] and Equation (2.1) it follows that

Rn,p(1, X)
∣∣

p→1 =
En(X)

(1 − X)n+1 = ∑
k⩾0

(k + 1)nXk = EhrP(X).

2.1 The type–A story

Our work was inspired by Gunnells and Rodriguez Villegas. In [3] they considered type-
A versions of some of the questions outlined above. We paraphrase parts of [3] from the
perspective of our work in type C. For a prime p we define the (local) Ehrhart–Hecke zeta
function (of type A) as

ZA
n,ℓ,p(s) = ∑

Zn
p⩽Λ⩽Qn

p
|Λ:Zn

p|<∞

cΛ
ℓ (P)

cℓ(P)
|Λ : Zn

p|−s. (2.2)

Let ΓA
n = GLn(Z) and GA

n = Matn(Z) ∩ GLn(Q). For m ∈ N, let

DA
n (m) = {g ∈ GA

n | |det(g)| = m},

so DA
n (m) is a finite union of double cosets relative to ΓA

n . We define

TA
n (m) = ∑

g∈ΓA
n \DA

n (m)/ΓA
n

ΓA
n gΓA

n ,

where the sum runs over a set of representatives of the double cosets, which is an element
of the Hecke algebra determined by (ΓA

n , GA
n ). Moreover, if gcd(m, m′) = 1, then

TA
n (m)TA

n (m
′) = TA

n (mm′).

For k ∈ [n]0 define πk(p) = diag(1, . . . , 1,
k︷ ︸︸ ︷

p, . . . , p) and TA
n (p, k) = ΓA

n πk(p)ΓA
n , which

decomposes into a finite (disjoint) union of right cosets relative to ΓA
n .

Gunnells and Rodriguez Villegas [3] considered the following action of the Hecke
algebra on the Ehrhart polynomial E(P) = EΛ0(P) of P:

TA
n (p, k)E(P) = ∑

g∈ΓA
n πk(p)ΓA

n /ΓA
n

E(g · P), (2.3)

where the sum runs over a set of right coset representatives. The action in (2.3) is
independent of the chosen representatives since ΓA

n comprises bijections of Zn. Our
definition in (2.3) differs from [3] only cosmetically via (1.2).
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Denote by Gr(ℓ, n, p) the set of ℓ-dimensional subspaces in Fn
p. For n ∈ N, ℓ, k ∈ [n]0,

and U ∈ Gr(ℓ, n, p), define

νAn,k,ℓ(p) = ∑
W∈Gr(k,n,p)

#(U ∩ W).

Let ψA
n,ℓ : Q[x±1

1 , . . . , x±1
n ] → Q be given by xn 7→ pℓ and xi 7→ pi for all i ∈ [n − 1]. Let

further ω denote the Satake isomorphism from the p-primary part of the Hecke algebra
associated with (ΓA

n , GA
n ), written HA

p , to the symmetric subring of Q[x±1
1 , . . . , x±1

n ].
Let sn,k(x1, . . . , xn) be the (homogeneous) elementary symmetric polynomial of de-

gree k, and set sn,−1 = 0.

Theorem 2.2 ([3]). For n ∈ N, k, ℓ ∈ [n]0, and a prime p, we have

νAn,k,ℓ(p) = pk
(

n − 1
k

)
p
+ pℓ

(
n − 1
k − 1

)
p
= ψA

n,ℓ(ω(TA
n (p, k))).

Moreover,

ZA
n,ℓ,p(s) = (1 − pℓ−s)−1

n−1

∏
k=1

(1 − pk−s)−1.

Proof. First we prove the claims concerning νAn,k,ℓ(p). Therefore,

νAn,k,ℓ(p) =
(

n
k

)
p
−
(

n − 1
k − 1

)
p
+ pℓ

(
n − 1
k − 1

)
p

([3, Lem. 3.3])

= pk
(

n − 1
k

)
p
+ pℓ

(
n − 1
k − 1

)
p

(Pascal identity)

= pksn−1,k(1, p, . . . , pn−2) + pℓsn−1,k−1(1, p, . . . , pn−2) ([4, Ex. I.2.3])

= p−(k
2)ψA

n,ℓ(sn,k)

= ψA
n,ℓ(ω(TA

n (p, k))). ([2, Lem. 3.2.21])

We now tend to the last claim. Tamagawa [7] established the identity

∑
m⩾0

TA
n (pm)Xm =

(
n

∑
k=0

(−1)k p(
k
2)TA

n (p, k)Xk

)−1

∈ HA
p JXK. (2.4)

Applying ψA
n,ℓ ◦ ω to (2.4) and setting X = p−s, we have

∑
m⩾0

ψA
n,ℓ(ω(TA

n (pm)))p−ms =

(
n

∑
k=0

ψA
n,ℓ(sn,k)(−p)−ks

)−1

= (1 − pℓ−s)−1
n−1

∏
k=1

(1 − pk−s)−1.

Since νAn,k,ℓ(p) is an eigenvalue for Tn(p, k), it follows that

ZA
n,ℓ,p(s) = ∑

m⩾0
ψA

n,ℓ(ω(TA
n (pm)))p−ms.
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Corollary 2.3. Let ζ(s) be the Riemann zeta function. For n ∈ N and ℓ ∈ [n]0, we have

∏
prime p

ZA
n,ℓ,p(s) = ζ(s − ℓ)

n−1

∏
k=1

ζ(s − k).

3 Examples

3.1 Hecke eigenfunctions

We give some explicit examples, showing in Figure 3.1 that the eigenfunctions of The-
orem A depend significantly on the polytope. We do this by displaying a graph whose
vertices correspond to homothety classes of lattices. We evaluate the functions En,pℓ,P on
Λm for each homothety class [Λ].

3.2 Local Ehrhart–Hecke zeta functions

For n ∈ [3] and ℓ ∈ [2n]0, we record the rational functions Wn,ℓ(X, Y) ∈ Q(X, Y) where,
for all primes, ZC

n,ℓ,p(s) = Wn,ℓ(p, p−ns). We computed these with SageMath [8].

W1,ℓ(X, Y) =
1

(1 − XY)(1 − XℓY)

W2,ℓ(X, Y) =
1 − X2+ℓY2

(1 − X2Y)(1 − X3Y)(1 − XℓY)(1 − Xℓ+1Y)

W3,ℓ(X, Y) =
1 + (X1+ℓ + X4)Y − Aℓ(X)Y2 + (X6+2ℓ + X9+ℓ)Y3 + X10+2ℓY4

(1 − X3Y)(1 − X5Y)(1 − X6Y)(1 − XℓY)(1 − X2+ℓY)(1 − X3+ℓY)

W4,ℓ(X, Y) =
N4,ℓ(X, Y)
D4,ℓ(X, Y)

,

where Aℓ(X) = X7+ℓ + 2X6+ℓ + 2X4+ℓ + X3+ℓ,

N4,ℓ(X, Y) = 1 + (X5 + X6 + X7 + X8 + X1+ℓ + X2+ℓ + X3+ℓ + X4+ℓ)Y + (X13

− X4+ℓ − 2X5+ℓ − 2X6+ℓ − 2X7+ℓ − 2X8+ℓ − 2X9+ℓ − 3X10+ℓ

− 2X11+ℓ − 2X12+ℓ − 2X13+ℓ − X14+ℓ + X5+2ℓ)Y2 + (X14+ℓ

− X18+ℓ + X10+2ℓ − X14+2ℓ)Y3 − (X23+ℓ − X14+2ℓ − 2X15+2ℓ

− 2X16+2ℓ − 2X17+2ℓ − 3X18+2ℓ − 2X19+2ℓ − 2X20+2ℓ − 2X21+2ℓ

− 2X22+2ℓ − 2X23+2ℓ − X24+2ℓ + X15+3ℓ)Y4 − (X24+2ℓ + X25+2ℓ

+ X26+2ℓ + X27+2ℓ + X20+3ℓ + X21+3ℓ + X22+3ℓ + X23+3ℓ)Y5

− X28+3ℓY6,
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D4,ℓ(X, Y) = (1 − X4Y)(1 − X7Y)(1 − X9Y)(1 − X10Y)

× (1 − XℓY)(1 − X3+ℓY)(1 − X5+ℓY)(1 − X6+ℓY).

(0, 0) (1, 0)

(0, 1) (2, 1)

5/2

3

4

3

4

3

7

4

4

3

64
3

3

13

7
4 4

6

4

3

3

P E2,2,1,P

(0, 0) (1, 0)

(0, 1)

(1, 2)

(3, 3)

(4, 1)
3

4

4

4

5

5

5

5

5

5

75
7

5

7

5
5 7

7

5

7

5

P′ E2,2,1,P′

Figure 3.1: Polytopes and some values of E2,2,1,P displayed on lattices in the affine
building of type Ã1 associated with the group GSp2(Qp) ∼= GL2(Qp). The center
vertex corresponds to the homothety class of the identity, and the values are the linear
coefficients of the Ehrhart polynomials with respect to the corresponding lattices.
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